Abstract. Let G = G, · be a group definable in an o-minimal structure M. A subset H of G is G-definable if H is definable in the structure G, · (while definable means definable in the structure M). Assume G has no Gdefinable proper subgroup of finite index. In this paper we prove that if G has no nontrivial abelian normal subgroup, then G is the direct product of G-definable subgroups H 1 , . . . , H k such that each H i is definably isomorphic to a semialgebraic linear group over a definable real closed field. As a corollary we obtain an o-minimal analogue of Cherlin's conjecture. This is the first of two papers around groups definable in o-minimal structures and semialgebraic groups over real closed fields.
This is the first of two papers around groups definable in o-minimal structures and semialgebraic groups over real closed fields.
An o-minimal structure is a structure M = M, <, .... where < is a dense linear ordering of M , and any definable subset of M is a finite union of intervals (with endpoints in M ∪{±∞}) and points. A group G is said to be definable in M if both G and the graph of the group operation on G are definable sets in M (i.e. definable subsets of M n , M 3n for some n). The typical example is G = H(R) where H is an algebraic group defined over a real closed field R. (Take M = R, <, +, ·, .) We show a converse: suppose that G is definable in some o-minimal structure and that G is nonabelian and has no proper nontrivial normal subgroup definable in the structure G, · (we say that G is G-definably simple). Then G is isomorphic to an (open) semialgebraic subgroup of finite index of a group of the form H(R), where R is a real closed field and H is an R-simple algebraic group. This gives a positive answer to the o-minimal analogue of the (yet unproved) Cherlin-Zilber conjecture: any simple group of finite Morley rank is an algebraic group over an algebraically closed field.
The strategy of our proof is closely related to Poizat's approach ( [12] ) to Cherlin's conjecture. Given G definable in o-minimal M, we try to find a real closed field R definable in M which is intimately connected to G. We then try to show that G is definably (in M) isomorphic to a linear semialgebraic group over R. The first step is made possible by, among other things, the Trichotomy theorem. The second step goes through developing Lie theory over o-minimal expansions of real closed fields. This second step is possible, because, once we have a real closed field R definable in an o-minimal structure M, then definable (in M) functions on R n are piecewise as differentiable as one wants.
In practice it is convenient to work with centerless and "semisimple" groups, namely groups with no nontrivial normal abelian subgroups, and for these we prove the theorem stated in the abstract. The formal definition of o-minimality allows several non-definably isomorphic real closed fields to live on a single o-minimal structure; for example, let M be the structure on a dense linear ordering formed by putting nonisomorphic real closed fields on two disjoint open intervals (a, b) and (c, d) . This presents various technical problems, which are dealt with in several parts of this paper.
In the second paper ( [9] ) we begin with the end result of this paper: given G a semialgebraic group over a real closed field R, and assuming that G is Gdefinably simple, we show that G, · is "bi-interpretable" with the field R or with the algebraically closed field R(i). This says, in particular, that if G is a simple real Lie group, then the abstract group G is "identical" in a definite model-theoretic sense with either the real field or with the complex field. This automatically yields various (well-known) rigidity theorems for simple real Lie groups.
We would like to thank the referee for the careful reading of the paper and for many valuable comments and suggestions.
The structure of the paper. In Section 1 we establish some properties of definable differentiable manifolds and their tangent spaces; prove technical lemmas about groups definable in o-minimal structures; and develop basics of nonorthogonality.
In Section 2 we deal with groups definable in o-minimal expansions of real closed fields. After establishing basic properties of the Lie correspondence, we prove the main result for such groups.
In Section 3 we show that if a group G is G-definably connected, centerless and is definable in an o-minimal structure M, then G is the direct product of Gdefinable subgroups H 1 , . . . , H k , such that each H i is definably isomorphic to a group definable in an o-minimal expansion of a real closed field.
In Section 4, combining results of Sections 2 and 3, we will prove the main theorem.
After the paper was submitted the authors realized that the main result of this paper, together with Strzebonski's analysis of o-minimal abelian groups, yields the positive answer to the following conjecture of Strzebonski [13] : If G is a definably connected group definable in an o-minimal structure, then the Euler characteristic of G is either 0 or ±1.
Preliminaries
We will assume that the reader is familiar with basic facts about o-minimal structures. (They can be found in [1] , [8] , [4] ). A good source of definitions and properties of dimension and generic points is [11] .
Throughout this paper M = M, <, . . . will be an o-minimal structure. M is equipped with the interval topology and Cartesian powers M n with product topologies. Unless otherwise stated, we will refer to these topologies.
Very often we will not distinguish between tuples and elements. So the notation a ∈ M k is legitimate. We say that a set D ⊆ M k is definable over a set A ⊆ M if there is a first order formula ϕ(x) with parameters from A such that The following fact will be needed in Section 1.1.2.
Fact 1.2. Suppose M is an o-minimal expansion of a real closed field and D is an open subset of
1.1. Definable manifolds over o-minimal structures. The notion of a definable manifold over an o-minimal structure was introduced in [11] . In this paper we are interested mostly in definable differentiable manifolds and their tangent spaces. In the case of o-minimal expansions of the field of the real numbers, such manifolds were extensively studied in [2] .
We fix an integer p ≥ 0, and we will always assume that if p > 0, then M is an expansion of a real closed field.
Let X be a definable set.
A definable chart on X is a triple c = U, ϕ, n , where U is a definable subset of X, n ≥ 0 and ϕ is a definable bijection from U onto an open subset of M n . If c = U, ϕ, n is a definable chart, then n is called the dimension of c.
Two definable charts c = U, ϕ, n and c = U , ϕ , n are
is open, and the two transition mappings ϕ • ϕ −1 and ϕ • ϕ −1 are of class C p on their domains; note that in the last case n = n .
A definable C
p -atlas on X is a finite set C of definable charts on X, each pair of which is C p -compatible and whose domains cover X. A definable C p -manifold X is a pair X, C , where X is a definable set and C is a definable C p -atlas on X. If X = X, C is a definable C p -manifold, and c is a definable chart on X, then we say that c is a definable C p -chart on X if C ∪ {c} is a definable C p -atlas, i.e. c is C p -compatible with every chart in C.
We say that two definable C p -manifolds X 1 , C 1 and X 2 , C 2 are equal if X 1 = X 2 and C 1 ∪ C 2 is a definable C p -atlas on X 1 . We will use bold letters X, Y, . . . to denote definable manifolds whose underlying sets are X, Y, . . . . If for a definable C p -manifold X = X, C we want to specify that X and C are definable in the structure M, then we say that X is a definable C p -manifold over M. Let c = U, ϕ, n be a definable chart on a definable C p -manifold X. For a ∈ U we say that c is a chart on X at a; and call n the dimension of X at a.
Let X and Y be definable C p -manifolds, f : X → Y a function and a ∈ X. For k ≤ p, we say that f is of class C k at a if, for any charts U, ϕ, n on X at a and V, ψ, n on Y at f (a), the mapping
is of class C k . (Since all transition maps are C p , we can replace in the above definition "for any charts" by "for some charts".) We say that f is of class C k on X if it is C k at every a ∈ X. If X is a definable C 0 -manifold, then we can equip X with a unique topology τ so that, for any definable chart U, ϕ, n on X, a subset V of U is open in τ if and only if ϕ(V ) is an open subset of M n . We will refer to this topology τ as the manifold topology of X. 
and, by the induction hypotheses, U 1 is the disjoint union of open definably connected in N sets which are definable in M. The same is true for U 2 , and therefore for U .
2. We assume that X = X, C is a manifold over M. Applying cell decomposition to sets ϕ(U ) for every chart U, ϕ, n ∈ C, we obtain a finite collection of definable in M sets C 1 , . . . , C k such that X = Let X, Y be definable C p -manifolds, and let f, g : X → Y be definable C 1 -functions. We say that f and g are tangent at a ∈ X if f (a) = g(a) and for any charts U, ϕ, n on X at a and V, ψ, n on Y at f (a) the mappings ψ • f • ϕ −1 and ψ • g • ϕ −1 have the same differential at ϕ(a). Once again, we can replace in the above definition "for any charts" by "for some charts". Proof. Follows from the Chain Rule.
Let X be a definable C p -manifold and x ∈ X. Consider the relation "f 1 and f 2 are tangent at 0" on the set of all definable C 1 -functions f from R into X with f (0) = x. Claim 1.5. The relation "f 1 and f 2 are tangent at 0" is an equivalence relation.
Proof. Easy.
The equivalence classes for this relation are called the tangent vectors to X at x, and the set of all classes is denoted by T x (X).
For every definable chart c = U, ϕ, n on X at x there is a canonical bijection Θ c : T x (X) → R n that maps the class of a function f : R → X to the vector d (ϕ • f )(0). Thus we can use Θ is a bijective linear mapping, and therefore this vector space structure on T x (X) does not depend on the choice of c.
The set T x (X), endowed with this vector space structure, is called the tangent vector space (or, simply, the tangent space) of X at x.
Notice that T x (X), defined this way, is not a definable object. However, after fixing a chart c, we can identify, by virtue of Θ c , T x (X) with the vector space R n . If Y, X are definable C p -manifolds, m ∈ X, and f : X → Y is a definable C 1 -mapping, then, by Claim 1.4, f induces a mapping from T m (X) into T f (m) (Y). We will denote this mapping by
Proof. Follows from Fact 1.2 after choosing appropriate charts on X and Y.
Proof. By Claim 1.6, there is x ∈ X such that the rank of
Since f is injective the dimension of X at x cannot be greater than k, and therefore the kernel of d x (f ) must be 0.
Note. If Y is a submanifold of X and y ∈ Y , then d y (id Y ) is injective,and we can always consider T y (Y) as a subspace of T y (X).
Groups definable in o-minimal structures.
In this section we present some basic facts about groups definable in o-minimal structures. Most of them can be found in [11] . We fix an integer p ≥ 0, and, as usual, if p > 0, then M is assumed to be an expansion of a real closed field.
Let G be a group definable in M.
p -atlas on G and group multiplication and inversion are C p -mappings. Note that if G, A is a definable C 0 -group, then for all a, b ∈ G the function x → xa −1 b is a homeomorphism that maps a into b. Therefore the dimension of G, A at any point is the same and equals dim(G).
Fact 1.10. [11] If G is a group definable in M, then there is an atlas
Proof. If p = 0, then this is a restatement of Proposition 2.5 in [11] . If p > 0, then the same proof works when one replaces "continuous" by "C p ".
Lemma 1.11. Let G, A , and H, B be definable
Proof. Since f is a homomorphism and the group operations are C p , by the Chain Rule, it is sufficient to show that f is C p at one point. Let U i , ϕ i , n , i = 1, . . . , k, be a list of all charts in A, and V, ψ, m be a chart in B.
Since
Thus there is an open definable
, and therefore f is C p at c.
Corollary 1.12. If G is a definable group, then the definable
Proof. Let A and B be two definable atlases on G such that both G 1 = G, A and G 2 = G, B are definable C p -groups. Applying Lemma 1.11 to the identity mapping id : G → G we obtain that every chart in A is C p -compatible with every chart in B.
If G is a definable group, then it possesses a unique definable C 0 -manifold structure that makes it a definable C 0 -group. We will use the same letters G, H, . . . , to denote the definable C 0 -manifold structures on G, H, . . . , and refer to the manifold topology of a definable group G as the topology of G.
Until the end of this section G will be a group definable in M.
Fact 1.13 ([11]). G satisfies the descending chain condition on definable subgroups.
Fact 1.14 ( [11] ). For a definable subgroup H of G the following conditions are equivalent.
H has a finite index in G.

dim(H) = dim(G). 3. H contains an open neighborhood of e.
H is open in G.
We will denote by G 0 the definably connected component of e in G.
Fact 1.15 ([11]
). G 0 is the smallest definable subgroup of G of a finite index.
Corollary 1.16. Let S be a subset of G (definable or not). Then
Proof. 
is constant on J i . If not then, by Monotonicity Theorem, there would be a subinterval I ⊆ J i such that f i was strictly monotone on I, so f i would be a homeomorphism from I into a subinterval of J.
The following definition and fact can be found in [5] . 
Fact 1.22. An element a ∈ M is nontrivial if and only if there is an open transitive interval I containing a.
The following definition is taken from Stability Theory. Definition 1.23. We say that a set B = {a 1 , a 2 , a 3 } is a triangle over a set A if a i ∈ acl(A ∪ (B \ {a i })), for i = 1, 2, 3, and a i is not in acl(A ∪ {a j }), for i = j. Proof. Easy. Lemma 1.27. Let G be a group definable in M, and let c = U, ϕ, n be a definable chart on G at e. Then there is an element g ∈ U such that for a 1 , . . . , a n = ϕ(g) every a i is nontrivial.
Claim 1.24. If c is a part of a triangle over a set
Proof. Since, by Fact 1.22, the nontriviality of any element can be witnessed by a formula, it is sufficient to show the existence of such g in an ω-saturated extension of M. Without loss of generality we can assume M is ω-saturated. We will also assume that G, the group multiplication, and the chart c are definable over the empty set. Since the group multiplication is continuous on U , we can find independent generic elements m, h ∈ U such that g = mh is in U . Let a = a 1 , . . . , a n = ϕ(g).
Since g, m and h are pairwise independent, we have
Thus a i ∈ acl(m) and a i ∈ acl(h) for any i ∈ {1, . . . , n}. As a ∈ acl(m, h), by Lemma 1.25, every a i is nontrivial.
Lemma 1.28. Let G be a group definable in M.
Then there is a definable chart = U, ψ, n on G at e such that ψ(U ) is a transitive rectangular box.
Proof. Let U, ϕ, n be a chart on G at e. By the previous lemma, there is g ∈ U such that for a = a 1 , . . . , a n = ϕ(g) each a i is nontrivial. Let
, and let ψ : V → I 1 × · · · × I n be defined as x → ϕ(ax). It is easy to see that c = V, ψ V, n is a desirable chart.
Groups definable in o-minimal expansions of real closed fields
In this section M will be an o-minimal expansion of a real closed field R. Let G be a group definable in M. In the case when R is the field of reals, by Fact 1.10 and Lemma 1.11, every definable group is a Lie group, and every definable homomorphism of two definable groups is Lie. The converse, however, is not true. Even in the case when M = R there are Lie isomorphic definable groups which are not definably isomorphic. The purpose of this section is to show that a part of classical Lie theory still can be generalized to groups definable in o-minimal expansions of arbitrary real closed fields, when one replaces Lie groups by definable groups and Lie homomorphisms by definable homomorphisms.
Since M is an o-minimal expansion of a field, it has elimination of imaginaries. It implies, in particular, that whenever G and H are definable groups then we can consider G/H as a definable object.
2.1. Basics of Lie algebras. In this section we will recall some basic properties of Lie algebras. All the facts from this section are well-known. (See [3] , for example.)
We fix a field k = k, +, · of characteristic 0.
satisfies the Jacobi identity:
We will consider only finite dimensional Lie algebras. 
is a Lie algebra, where V is a subspace of k n , then L is definable in the field k, and the group Aut(L) of all automorphisms of L is an algebraic subgroup of GL(n, k).
It will be shown later that every definable centerless group can be definably embedded into the group of automorphisms of its Lie algebra. The following claim and some simple dimension arguments, shows that in the case when the Lie algebra is semisimple the range of the embedding is semialgebraic.
Claim 2.8. If L = V, [ , ] is a semisimple Lie algebra over a real closed field R, where V is a subspace of
Proof. Fix n ∈ N. By the definability of dimension the following statement can be expressed by a first order sentence:
is a semisimple Lie algebra over a R, where V is a subspace of R n , then dim(L) = dim(Aut(L)). Since the first order theories of R and R are the same, and this statement holds in R, it is true in R.
Definable C
p -actions. In this section we will show that every definable transitive action of a definable group is C p in an appropriate manifold structure. An action α : G × A → A of a definable group G on a definable set A is a definable action if α is a definable mapping.
Recall that the action α :
The following technical claim will be used in the proof of Theorem 2.11.
Claim 2.9. Let α be a definable transitive action of a definable group G on a definable set A, and let C be a set such that G, A, and α are defined over C. If a ∈ A and g is generic in G over C ∪{a}, then α(g, a) is generic in A over C ∪{a}.
Proof. We will assume C = ∅. Let K < G be the stabilizer of a in G, n = dim(G), and k = dim(K). Obviously, A is definably bijective to G/H and, by the dimension formula for quotients (see [5] Proof. The proof is similar to the proof of Proposition 2.5 in [11] , so we will be brief. We will assume that M is sufficiently saturated, and that G,A and α are definable over the empty set.
Claim 2.12. If X is a large subset of A, then finitely many translates of X cover A.
Proof. Since the proof is almost the same as the proof of Lemma 2.4 in [11] , we will omit some details. Let M 0 < M be a small model over which X is defined. It is sufficient to show that for any a ∈ A there is g ∈ G ∩ M 0 such that a ∈ α(g, X). Let m ∈ X ∩ M 0 . Since the action is transitive, there is h ∈ G such that a = α(h, m). (g, b) . As g 1 is generic over M 0 and m ∈ M 0 , by Claim 2.9, b is generic in A, and therefore, since X is large in A, b ∈ X.
Proceeding as in the proof of Proposition 2.5 in [11] , we can find definable
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use in G. Since M is an expansion of a real closed field we can choose ϕ i so that 
Proof. It is sufficient to show that for every a ∈ Z the mapping f : a) . By the Chain Rule, it is sufficient to show that the function
By Claim 2.12, there are
i , x). It follows from Claim 2.13 that the set { X i , ϕ i , k |i = 1, . . . , s}, where k = dim(A), is a definable C p atlas on A, and for any g ∈ G the function x → α(g, x) is C p in this manifold structure on A. It is routine to check that α is C p action.
Corollary 2.14. If H is a definable subgroup of a definable group G, and p ≥ 0 an integer, then G/H can be equipped with a definable C p -manifold structure so that the canonical action of
If α is a definable action of a definable group G on a definable set A, then for m ∈ A by α m we will denote the function from G into A defined as g → α(g, m).
Claim 2.15. Let α be a definable C
1 -action of a definable group G on a definable
Proof. Let g ∈ G.
using the Chain Rule, we obtain
Since α(g, x) and g −1 x are invertible C 1 -functions whose inverses are C 1 , the linear mappings d m (α(g, x) ) and d g (g −1 x) are invertible, and therefore Rank(d g (α m )) = Rank(d e (α m )). H is a definable subgroup of a definable group G, then H is a  submanifold of G. Proof. Let f be the identity mapping from H into G. We need to show that for any h ∈ H the rank of d h (f ) is equal to dim(H).
Let α : H × G → G be the action of H on G by multiplication on the left. It is obvious that f (x) = α e (x). Since, by Lemma By the previous lemma, if H is a definable subgroup of a definable group G, then the differential of id : H → G is an embedding of T e (H) into T e (G), and we can identify T e (H) with a subspace of T e (G). Also, for any definable group G, since T e (G) depends only on the manifold structure of G at e, the tangent space of G is equal to the tangent space of the definably connected component of G. ker(d e (α a ) ).
If H is a definably connected definable subgroup of G, then H ⊆ Fix a (G) if and only if T e (H) ⊆ ker(d e (α a )). 2. The tangent space of Fix a (G) is
If H ⊆ Fix a (G), then α a (x) is constant on H, and therefore d e (α a ) is 0 on T e (H).
Suppose T e (H) ⊆ ker(d e (α a )). Let β be the restriction of α on H × X. Obviously, β is a definable C 1 -action of H on X with Rank(d e (β a )) = 0. Since H is definably connected, by Corollary 2.16 and Claim 1.7, β a (H) = {a}.
2. Applying 1 to the definably connected component of Fix a (G), we obtain T e (Fix a (G)) ⊆ ker(d e (α a )). By Corollary 2.16
Since dimension of the group Fix a (G) is equal to the dimension of its tangent space, the vector spaces T e (Fix a (G)) and ker(d e (α a )) have the same dimension, hence they must be equal. 
Proof. Let α be the canonical action of
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Since ker(d e (α H1 )) = T e (H 1 ), we have T e (G 1 ) = (d e (f )) −1 (T e (H 1 )).
Corollary 2.22. If f is a definable automorphism of a definable group G, then d e (f ) is an automorphism of T e (G)
Proof. d e (f ) is a linear transformation of a finite dimensional vector space whose kernel is trivial by Theorem 2.21.
Remark 2.23. 1. Let L(n, R) be the space of all square matrices of order n over R. We will identify L(n, R) with R n 2 in the obvious way. The group GL(n, R) of all invertible matrices has a canonical definable C p -atlas with a single chart c = GL(n, R), ϕ, n 2 , where ϕ : A → A − I n , and the tangent space of GL(n, R), by means of Θ c , can be identified with L(n, R).
2. Let V be an n-dimensional vector space over R. After fixing a basis for V , we can identify, in the obvious way, the group Aut(V ) with GL(n, R), and the group End(V ) with L(n, R). If f is a function from a definable set X into Aut(V ) (or End(V )), then we say that f is definable if, after the above identification, the corresponding function from X into GL(n, R) (or L(n, R)) is definable. In the same manner we transfer the notion of a definable C p -function to functions whose domain and range can be Aut(V ) or End(V ). Thus if f is a definable C 1 -function from a definable group G into Aut(V ), then we can consider its differential at e as a definable linear function from T e (G) into End(V ). Moreover, using the change of a basis formula, it is easy to see that all these notions are independent of the choice of basis. Theorem 2.24. Let G be a definable group, V an n-dimensional vector space over R, f : G → Aut(V ) a definable homomorphism, and U ⊂ V a subspace.
1. The tangent space of the definable subgroup
Obviously, h 1 is a subspace of End(U ), and H 1 is an open subset of h 1 . Hence h 1 is the tangent space of H 1 , and we can apply Theorem 2.21 to f and H 1 . 
Let G be a definable group. For g ∈ G, by a(g) we will denote the inner automorphism
Let Ad g = d e (a(g)). By Corollary 2.22, Ad g ∈ (Aut(T e (G))) and hence
is a definable homomorphism. Proof. Let c = U, ϕ, n be a definable C 3 -chart on G at e with ϕ(e) = 0. Using Taylor series we obtain
where α is a bilinear form and . . . stands for elements of order greater than 2. Using elementary calculus (see [6] for details), it can be shown that [
Definition 2.28. For a definable group G the Lie algebra T e (G), [ , ] is called the Lie algebra of G. Claim 2.29. Let G be a definable group and g its Lie algebra.
Proof. 1 can be shown using basic calculus; see [6] Proof. If g is semisimple, then, by Claim 2.32, G is semisimple.
Now we assume that g is not semisimple and will show that G is not semisimple. Let j ⊆ g be a nontrivial abelian ideal. Let H = {g ∈ G | Ad (g) j = id}. By Claim 2.31, the tangent algebra of H is h = {ξ ∈ g | [ξ, j] = 0}. Since j is an abelian ideal, using the Jacobi identity, it is not hard to see that h is an ideal of g containing j. By Claim 2.32, the definable connected component
It is easy to check that its Lie algebra c = {ξ ∈ h | [ξ, h] = 0} is an abelian ideal of g. Hence the definably connected component C 0 of C is a normal abelian subgroup of G. Since the Lie algebra of C 0 contains j, C 0 is nontrivial.
Claim 2.35. Let G be a definably connected definable semisimple group with Lie algebra g. If h is an ideal of g, then there is a definably connected definable normal subgroup H of G whose Lie algebra is h.
Proof. Since G is semisimple its Lie algebra is semisimple, and, by Fact 2.4, there is an ideal i of g such that g is the direct sum of h and i. Using semisimplicity of g, it is easy to see that h = {h ∈ g | [h, i] = 0}. By Claim 2.31, h is the Lie algebra of the definable subgroup Proof. If G is definably simple, then it is semisimple, and, by Claim 2.35, its Lie algebra is simple. Assume g is simple and let us show that G is definably simple. Suppose H is a proper normal definable subgroup of G. Since G is definably connected, H has an infinite index in G, and Lie algebra h of H is a proper ideal of g. Since g is simple h = 0, hence H is finite. For any h ∈ H the function f : g → g −1 hg is a definable continuous function from G into H. As G is definably connected and H is finite, f must be constant, and therefore G commutes with every element in H. Since G is centerless H must be trivial. Proof. Let g = T e (G), [ , ] be the Lie algebra of G. Fixing a basis of T e (G), we may assume that T e (G) = R n and Ad is a definable homomorphism from G into GL(n, R). Let H = Ad (G). Since G is centerless, By Claim 2.26, Ad is an isomorphism from G onto H, and it is sufficient to show that H is a semialgebraic subset of GL(n, R). 
A decomposition of centerless groups
In this section we will prove the following two theorems. Before proving the above theorems we establish some conventions. In this section G will be a fixed G-definably connected centerless group definable in M, and n will be the dimension of G. We use to denote the group multiplication of G, and e will be the identity element of G.
By Lemma 1.28, there is a definable chart B, ϕ, n on G at e such that ϕ(B) is a transitive rectangular box. We fix one such chart, and, for simplicity, we will assume that B is an open subset of M n and ϕ is the identity mapping. 
Obviously, ρ k • ρ k = ρ k and ρ 1 (B) ∩ ρ 2 (B) = {e}.
Let B k = ρ k (B) and U k = ρ k (U ). We have U k ⊆ B k , ρ k B k = id B k and B 1 ∩ B 2 = {e}. Proof. Assume k = 1. Since f is continuous, by Claim 3.4(4), the function ρ 2 • f must be constant on U 1 , and, since ρ 2 (f (a)) = e, it must be equal to e on U 1 . By Claim 3.4(2), f (b) ∈ B 1 for all b ∈ U 1 . Proof. We assume k = 1 and will only show that a b −1 ∈ B k . Consider the function f : x → a x −1 . Since e ∈ U 1 and f (e) = a ∈ B 1 , by Claim 3.5, f (U 1 ) ⊆ B 1 . Proof of Theorem 4.1. By Theorems 3.1 and 3.2, G is the direct product of Gdefinable subgroups G 1 , . . . , G m such that for every i ∈ {1, . . . , m} there is a definable real closed field R i and a definable isomorphism f i between G i and a subgroup of GL(n i , R i ). Since every G i is G-definable, it is easy to see that every G i is G i -definably connected and has no nontrivial abelian normal subgroup.
Let G i = f i (G i ). Then G i is definable in an o-minimal expansion of a real closed field R i , and, since G i is isomorphic to G i , G i is G i -definably simple and has no abelian nontrivial normal subgroup. Obviously, it is sufficient to prove the theorem for each G i . Thus we will assume that M is an o-minimal expansion of a real closed field R.
Let G 0 be the definably connected component of G. By the previous claim and Theorem 2.37, G is definably isomorphic to a linear semialgebraic group over R. Thus, without loss of generality, we can assume that G is linear and semialgebraic.
The following claim and an easy induction on dim(G) finish the proof of the theorem. Proof. Assume G 0 is not definably simple. By Theorem 2.38, G 0 is the direct product of definable nontrivial subgroups K 1 and K 2 . Let G 1 = C G (K 2 ) and G 2 = C G (K 1 ). It is easy to see that both G 1 and G 2 are G-definable, they commute, K 1 < G 1 and K 2 < G 2 .
The subgroup G 1 G 2 is G-definable and contains G 0 , so it is equal to G. Since G is centerless, G 1 ∩ G 2 = {e} and G is the direct product of G 1 and G 2 .
